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JONATHON PETERSON AND GENNADY SAMORODNITSKY 



Abstract. We consider a one-dimensional, transient random walk in a random i.i.d. environ- 
ment. The asymptotic behaviour of such random walk depends to a large extent on a crucial 
parameter k > that determines the fluctuations of the process. When < k < 2, the aver- 
aged distributions of the hitting times of the random walk converge to a ^-stable distribution. 
However, it was shown recently that in this case there does not exist a quenched limiting 
distribution of the hitting times. That is, it is not true that for almost every fixed environ- 
ment, the distributions of the hitting times (centered and scaled in any manner) converge to 
a non-degenerate distribution. We show, however, that the quenched distributions do have a 
limit in the weak sense. That is, the quenched distributions of the hitting times - viewed as a 
random probability measure on R - converge in distribution to a random probability measure, 
which has interesting stability properties. Our results generalize both the averaged limiting 
distribution and the non-existence of quenched limiting distributions. 



1. Introduction 

A random walk in a random environment (RWRE) is a Markov chain with transition prob- 
abilities that are chosen randomly ahead of time. The collection of transition probabilities are 
referred to as the environment for the random walk. We will be concerned with nearest-neighbor 
RWRE on Z, in which case the space of environments may be identified with 01 = [0, l] z , en- 
dowed with the cylindrical cr-field. Environments u = {oj x } xe z G O are chosen according to a 
probability measure P on 0. 

Given an environment u) = {uJx}xe1 6 ^ an d an initial location x G Z, we let {X n } n >Q be 
the Markov chain with law P£ defined by P*(Xq = x) = 1, and 



P% (X n+1 =y\X n =x) 



u x y = x + l 

1 - uj x y = x - 1 
otherwise. 



Since the environment oj is random, P^(-) is a random probability measure and is called the 
quenched law. By averaging over all environments we obtain the averaged law 

Since we will usually be concerned with RWRE starting at x = 0, we will denote and P° by 
P w and IP, respectively. Expectations with respect to P, P^, and P will be denoted by Ep, E u 
and E, respectively. Throughout the paper we will use P to denote a generic probability law, 
separate from the RWRE, with corresponding expectations E. 

We will make the following assumptions on the distribution P on environments 
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Assumption 1. The environments are i.i.d. That is, {io x } x£ z is an i.i.d. sequence of random 
variables under the measure P. 

Assumption 2. The expectation Ep[logpo] is well defined and Ep[logpo] < 0. Here pi = 
p i (u) = 1 =^, for alii €Z. 

In Solomon's seminal paper on RWRE [Sol75| , he showed that Assumptions [I] and [2] imply 
that the RWRE is transient to +oo. That is, P(lim n _ >00 X n = +oo) = 1. Moreover, Solomon 
also proved a law of large numbers with an explicit formula for the limiting velocity vp = 
lim Tl _ Sl00 X n /n. Interestingly, vp > if and only if i?p[/?o] < 1, and thus one can easily construct 
examples of RWRE that are transient with "zero speed." 

Soon after Solomon's original paper, Kesten, Kozlov, and Spitzer [KKS75] analyzed the 
limiting distributions of transient RWRE under the following additional assumption. 

Assumption 3. The distribution of log po is non-lattice under P, and there exists a k > 
such that Ep[pq] = 1 and Ep[pQ logpo] < oo. 

Kesten, Kozlov, and Spitzer obtained limiting distributions for the random walk X n by first 
analyzing the limiting distributions of the hitting times 

T x : = inf{n > : X n = x). 

Let 3>(a?) be the distribution function of the standard normal distribution, and let L K ^(x) be 
the distribution function of a totally skewed to the right stable istribution of index k £ (0, 2) 
with scaling parameter b > and zero shift; see [ST94 . 

Theorem 1.1 (Kesten, Kozlov, and Spitzer [KKS75J). Suppose that Assumptions [7] -[3] hold, 
and let i£l. 

(1) If k E (0, 1), then there exists a constant b > such that 

lim P <x]= L Ktb (x). 

(2) If k = 1, then there exist constants A, b > and a sequence D(n) ~ Alogn so that 

/T n -nD(n) \ , . 

lim P — <x) =Lx b (x). 

n— >co V n J 

(3) If k £ (1,2), then there exists a constant b > such that 

lim P ( Tn ~" /VP <x]= L K>b (x). 

(4) If k = 2, then there exists a constant a > such that 

l im p ( Tn ~ n/vp ^ \ = 
n->-oo \a^/n\ogn ) 

(5) If k > 2, then there exists a constant a > such that 

lim pf Tn ~^ VP <x] =$(x). 

n-s>oo y &yjn J 

Theorem 1 1.1 1 is then used in [KKS75J in the natural way to obtain averaged limiting distribu- 
tions for the random walk itself, but for the sake of space we do not state the precise statement 
here. It should be noted that a formula for the scaling parameter b > appearing above when 
k < 2 has been obtained recently in |ESZ09bl lESTZlOj . 
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It was not until more recently that the limiting distributions of the hitting time and the 
random walk were studied under the quenched distribution. In the case when n > 2, Alili 
proved a quenched central limit theorem for the hitting times of the form 



T — E T 

- 1 n J -'tj ± n 



(1) lim P^ — ^ < x ) = §(x), Vx G R, P - a.s., 

aiy/n 



where a\ = Sp[Var w Ti] < oo |Ali99| . The environment-dependent centering term E w T n makes 
it difficult to use (pQ) to obtain a quenched central limit theorem for the random walk, but 
this difficulty was overcome independently by Goldsheid |Gol07| and Peterson |Pet08j to obtain 
a quenched central limit theorem for the random walk (also with an environment-dependent 
centering) . 

When k < 2 the situation is quite different. Even though one could reasonably expect that, 
similarly to ([I]), a limiting stable distribution of index k existed (possibly with environment- 
dependent centering or scaling), this has turn out not be the case. In fact, it was shown in |PZ09, 
IPet09| that quenched limiting distributions do not exist when k < 2. For P-a.e. environment 
cj, there exist two (random) subsequences = nk{oo) and = m^Lo) so that the limiting 
distributions of T nk and T n ^ under the measure P^ are Gaussian and shifted exponential, 
respectively. That is, 

lim P.- ( EulTnk <x)= $(s), VxGR, 

fc^oo \ y/Vax u T nk J 



and 



]m) p , T\n^E£^ <x \ = 11 e xl x> 1 yx( __ 
' K V Var - T ^ " / 1° x<-l, 



These subsequences were then used to show the non-existence of quenched limiting distributions 
for the random walk as well |PZ09 | lPet09] . 

These results of [PZ09llPet09| are less than completely satisfying because one would like to be 
able to say something about the quenched distribution after a large number of steps. Also, the 
existence of subsequential limiting distributions that are Gaussian and shifted exponential begs 
the question of whether and what other types of distributions are possible to obtain through 
subsequences. The proof of the non-existence of quenched limiting distributions in [Pet09 
implies, for large n, the magnitude of the hitting time T n is determined, to a large extent, 
by the amount of time it takes the random walk to pass a few "large traps" in the interval 
[0,n]. Moreover, as was shown in |Pet09l Corollary 4.5], the time to cross a "large trap" is 
approximately an exponential random variable with parameter depending on the "size" of the 
trap. Therefore, one would hope that the quenched distribution of T n could be described in 
terms of some random (depending on uj) weighted sum of exponential random variables. Our 
main results confirm this by showing that the quenched distribution - viewed as a random 
probability measure on R - converges in distribution on the space of probability measures to 
the law of a certain random infinite weighted sum of exponential random variables. 

Before stating our main result, we introduce some notation. Let Mi be the space of prob- 
ability measures on (R, Z3(R)), where B(R) is the Borel cr-field. Recall that Mi is a complete, 
separable metric space when equipped with the Prohorov metric 

(2) |o(tt,/x) =inf{e > : ir(A) < ^i{A £ ) + e, n(A) < ir(A £ ) + e VA e B(R)}, tt,^eMi, 

where A 6 := {x G R : |x — y\ < £ for some y G ^4} is the e-neighbourhood of A. By a random 
probability measure we mean a A^i-valued random variable, and we denote convergence in 
distribution of a sequence of random probability measures by fi n =^ ^; sec [Bil99]. This 
notation does carry the danger of being confused with the weak convergence of probability 
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measures on R, but we prefer it to the more proper, but awkward, notation £ Mn =^> with 
Cn being the law of a random measure \x. 

Next, let M. p be the space of Radon point processes on (0, oo]; these are the point processes 
assigning a finite mass to all sets (x, oo] with x > 0. We equip M. p with the standard topology 
of vague convergence. This topology can be metrized to make M p a complete separable metric 
space; see |Res081 Proposition 3.17]. For point processes in M. p we denote vague convergence by 
( n A (. An .A/fp-valued random variable will be called a random point process, and, as above, 
we will use the somewhat improper notation Q n =^> £ to denote convergence in distribution of 
random point processes. 

We define a mapping H : A4 P — > Ai\ in the following manner. Let £ = Ej>i^r;) where 
[xi) is an arbitrary enumeration of the points of £ G M. p - We let H(() to be the probability 
measure defined by 

(3) tf(CX-) 



P(Ei>i*ifa-l)€-J Ei> 1 x?<oo 
Sq(-) otherwise, 



where, under a probability measure P, (r^) is a sequence of i.i.d. mean 1 exponential random 
variables. Note that the condition Ej>i xf < oo guarantees that the sum inside the probability 
converges P-a.s. It is clear that the mapping H is well defined in the sense that H (£) does not 
depend on the enumeration of the points of £. We defer the proof of the following lemma to 
Appendix [Al 

Lemma 1.2. The map H is measurable. 

We are now ready to state our first main result, describing the weak quenched limiting 
distribution for the hitting times centered by the quenched mean. 

Theorem 1.3. Let Assumptions^ -[Sj hold, and for any u G Q let ix n ^ € M.\ be defined by 

(4) MnM") = P u ( ^ € 

Then there exists a A > such that ft ntUJ ==^ H(N\ tK ) where N\ tK is a non-homogeneous Poisson 
point process on (0,oo) with intensity \x~ K ~ l . 

Remark 1.4. The Gaussian and centered exponential distributions that were shown in |Pet09] 
to be subsequential quenched limiting distributions of the hitting times are both, clearly, in the 
support of the random limiting probability measure obtained in Theorem 11.31 Indeed, letting 
C,k = kS k -i/2 £ M p we see that H(Ci) is a centered exponential distribution, and the central 
limit theorem implies that lim/ c _ 5 . 00 H(Ck) is a standard Gaussian distribution. 

Remark 1.5. One can represent the non- homogeneous Poisson process N\ K as 



oo 



j'=i 



where (J*j)j>i is the increasing sequence of the points of the unit rate homogeneous Poisson 
process on (0, oo). In particular, the points of N\ K are square summable with probability 1 if 
k < 2 (and square summable with probability if k > 2.) Furthermore, the random limiting 
distribution in Theorem 11.31 can be written in the form 

oo 

(5) H(Nx, K )(-) = P^XX^fa - 1) e •) , 

i=i 

and we recall that the probability in ([5]) is taken with respect to the exponential random 
variables (t,-), while keeping the standard Poisson arrivals (r^) fixed. 
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The random probability measure L = H(N\ tK ) above has a curious stability property in .Mi: 
if L\, . . . , L n are i.i.d. copies of L, then 

(6) Li*...*L n (-) 1 ^ Li-fn 1 ^) 

for n = 1, 2, To see why this is true, represent each Li as in ([5]), but using an independent 

sequence of Poisson arrivals for each i = 1, . . . , n. Then the n-fold convolution L\ * . . . * L n has 
the same representation, but the sequence of the standard Poisson arrivals has to be replaced by 
a superposition of n such independent sequences. Since a superposition of independent Poisson 
processes is, once again, a Poisson process and the mean measures add up, we conclude that 

oo 

law / . \/ K ST~^ p-l/K/ 



L x * ... * L n (.) ^ P AV« ]T fj 1 "^ - 1) g 



where (r^ )j is the increasing sequence of the points of a homogeneous Poisson random measure 
on (0, oo) with intensity n. Since the sequence (Tj/n)j also forms a Poisson random measure 
with intensity n, ([6]) follows. 

Since we know that when k < 2 there is no centering and scaling that results in convergence 
to a deterministic distribution, we have some flexibility in choosing what centering and scaling 
to work with. For example, if we use the averaged centering and scaling in Theorem II. 1\ then 
a slightly different random probability distribution will appear in the limit. Before stating this 
result we need to introduce some more notation. Define mappings H, H £ : M p — > Mi, £ > 0, 
as follows. For ( = Yli>i $xi> H(C) an d He{C) are the probability measures defined by 

(7) H(()(-) = ( P ( Ei ^ XlTl G ") ^ E ^ Xl < °° 

Uo Ei>i^ = oo. 

and 

(8) £T 6 (C)(-) = P \J2^ril {xi>£} e^j . 

As was the case in the definition of H in ([3]), the definition of -ff(C) does not depend on a 
particular enumeration of the points of Furthermore, an obvious modification of the proof of 
Lemma ll.2l shows that the map H is measurable. The maps H e are even (almost) continuous, 
as will be seen in Section [71 

Theorem 1.6. Let Assumptions U\ - [3] hold. For A, k > let be a non-homogeneous 

Poisson point process on (0,oo) with intensity Xx~ K ~ 1 . Then for every k G (0,2) there is a 
A > such that the following statements hold. 



;i) IfK G (0,1), then 



(2) Ifn = l, then 

Mn,o,(-) = P u ( Tn - nD{n) G • W lim [^(JVa,!) * 5_ 
V n J e-s>o+ L 



ca,i( £ )J ' 



where c\^i{e) = J 1 Ax 1 dx = Alog(l/e), and D(n) is a sequence such that D(n) 
Alogn for some A > 0. 
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(3) If k £ (1,2), then 

w/iere c\ }K (e) = / e °° \x~ K dx = 

Remark 1.7. The limits as e — ?■ + in the cases 1 < k < 2 in Theorem 11.61 are weak limits in 
Aii. The fact that these limits exist is standard; see e.g. [ST94] . As we show in Section [7J 
fixing a Poisson process N\ K on some probability space (for example, as in Remark ll.5p . even 
convergence with probability 1 holds. 

The limiting random probability measures obtained in the different parts of Theorem 11.61 
also have stability properties in Mi, similar to the stability property of H(N\ :K ) described in 
Remark 11.51 Specifically, if L\, Li, ■ ■ ■ , L n are i.i.d. copies of the limiting random probability 
measure L in Theorem |1.6| then the stability relation for the convolution operation (|6|) still 
holds if k ^ 1. In the case k = 1, the corresponding stability relation is 

Li * . . . * L n (-) = L(-/n — Alogn) . 
The proof is similar to the argument used in Remark 11.51 We omit the details. 

The statement (and proof) of the weak quenched limits with the quenched centering (Theo- 
rem II. 3p is much simpler than the corresponding result with the averaged centering (Theorem 
II. 6p . However, in transferring a limiting distribution from the hitting times T n to the location 
of the random walk X n it is easier to use the averaged centering. 

Corollary 1.8. let Assumptions [7] hold for some k € (0,2), and let A > be given by 
Theorem \1.6\ 

(1) If n e (0, 1), then for any x G R, 

P. < x) H(N XtK )(x- 1 ^,^). 

(2) If k = 1, then there exists a sequence 5(n) ~ n/ (Alogn) (with A > as in the conclusion 
of Theorem \1.6\) such that for any x € R, 

P « f X /n~ * ( ?2 <x ) lim + (i/ £ (iVA,i)*5- CA1 ( £ ))(-^,oo). 
\n/(logn)^ / e->o+ V ' / 

(3) If n € (1, 2), then for any 
X n -nv P \ ( \ -l-l/K 



n 



Pu [ — — R — < x\ =^ lim [H £ (N XjK ) * 5- CA k ( £ ) j (-xv p ,00). 



Remark 1.9. The type of convergence in Corollary II. 81 is weaker than that in Theorems II .31 and 
11.61 Instead of proving that the quenched distribution of X n (centered and scaled) converges 
in distribution on the space we only prove that certain projections of the quenched law 
converge in distribution as real valued random variables. We suspect that, with some extra 
work, the techniques of this paper could be used to prove a limiting distribution for the full 
quenched distribution of X n , but we will leave that for a future paper. Some results in this 
direction have previously been obtained in [ESZ09aJ 

Remark 1.10. Theorem 11.61 and Corollary 11.81 generalize the stable limiting distributions under 
the averaged law |KKS75j . For instance, when k G (0, 1), 



T, 



11 



n 



l/re 



< x = Ep 



T, 



P„ I < x 



n 



l/n 



E[H(N x>K )(-oo,x] 



and it is easy to see that E[H(N\ )K )(— 00, x\] = L K ^(x) for some b > 0. 
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The structure of the paper is as follows. In Section [2] we introduce some notation and re- 
view some basic facts that we will need. Then, in Section [3] we outline a general method for 
transferring a limiting distribution result for one sequence of random probability measures to 
another sequence of random probability measures by constructing a coupling between the two 
sequences. The method developed in Section [3] is then implemented several times in Section [4] 
to reduce the study of the quenched distribution of the hitting times T n to the quenched dis- 
tribution of a certain environment-dependent mixture of exponential random variables. Then, 
these environment-dependent mixing coefficients are shown in Section [5] to be related to a non- 
homogeneous Poisson point process N\ K . In Section [6] we complete the proof of Theorem 11.31 
by proving a weak quenched limiting distribution for this mixture of exponentials. The proof 
of Theorem 11.61 is similar to the proof of Theorem 11.31 an d in Section [7] we indicate how to 
complete the parts of the proof that are different. Finally, in Section [8] we give the proof of the 
Corollary IDA 

Before turning to the proofs, we make one remark on the writing style. Throughout the 
paper, we will use c, C, and C to denote generic constants that may change from line to line. 
Specific constants that remain fixed throughout the paper are denoted Co, C%, etc. 

2. Background 

In this section we introduce some notation that will be used throughout the rest of the 
paper. For RWRE on Z, many quenched probabilities and expectations are explicitly solvable 
in terms of the environment. It is in order to express these formulas compactly that we need 
this additional notation. Recall that p x = (1 — oj x )/uj x , x £ Z. Then, for i < j we let 

3 3 3 

(9) = Yl Pxi Rij =/ J ^h,k, and W itj = } JI kj j. 

x=i k=i k=i 

Denote 




Note that Assumption [2] implies that Ri and Wj are finite with probability 1 for all i,j € Z. 
The following formulas are extremely useful (sec [Zci04] for a reference) 



(11) P - ( T i>Tj ) = g^ and PS(T i <Tj) = Ui % lltwJ -\ i < x < j, 

(12) ElT i+1 = 1 + 2W U ieZ. 

As in [PZ091 IPet09j , we define the "ladder locations" V{ of the environment by 

(13) i/q = 0, and v\ = inf{n > Vi-\ : LI^_ lin _i < 1}, i> 1. 



Since the environment is i.i.d., the sections of the environment {uj x : fi-i < x < Vi} between 
successive ladder locations are also i.i.d. However, the environment directly to the left of vq = 
is different from the environment to the left of v% for i > 1. Thus, as in [PZ09, Pet09] it is 
convenient to define a new probability law on environments by 

(14) Q(.) = P(-|n il _i<l J alH<-l); 

by Assumption [2] the condition is an event of positive probability. 

Two facts about the distribution Q will be important to keep in mind throughout the re- 
mainder of the paper. 

• Under the measure Q the environments stationary under shifts by the ladder locations 

Vi. 
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• Since, under P, the environment is i.i.d., the measure Q coincides with the measure P 
on o(oj x '■ x > 0). 

Often for convenience we will denote v\ by v. It was shown in [PZ09t Lemma 2.1] that the 
distribution of v (which is the same under P and Q) has exponential tails. That is, there exist 
constants C, C > such that 

(15) P[y >x) = Q(u >x)< C'e~ Cx , x > 0. 

In particular this implies that lmin^oo v n /n = v := Eqv = Epv, both P and Q - a.s.. 

In contrast, it was shown in [PZ091 Theorem 1.4] that, under Assumption [3l the distribution 
of the first hitting time E W T U has power tails under the measure Q. That is, there exists a 
constant Co such that 

(16) Q{PujTv > x) ~ C x~ K , x-too. 

3. A General Method for Transferring Weak Quenched Limits 

Our strategy for proving weak quenched limits for the hitting times will be to first prove 
a weak quenched limiting distribution for a related sequence of random variables. Then by 
exhibiting a coupling between the two sequences of random variables we will be able to conclude 
that the hitting times have the same weak quenched limiting distribution. The second of these 
steps is accomplished through the following lemma. It applies to random probability measures 
on M 2 , which are simply random variables taking values in A4i(M 2 ). The latter space is the 
space of all probability measures on R 2 which can be turned into a complete, separable metric 
space in the same way as it was done to the space Ai i in Section [1] The two maps assigning 
each probability measure in Mi(R 2 ) its two marginal probability measures are automatically 
continuous. 

Lemma 3.1. Let 6 n , n = 1, 2, . . . be a sequence of random probability measures on M? defined 
on some probability space ($7,7-", P). Let 7 n and 7^ be the two marginals of n , n= 1,2,.... 
Suppose that for every 5 > 

(17) lim P(e n {{(x,y) : \x-y\>S}) >5)=0. 

n— too j 1 1 

If In ==> 7 for some 76 Mi, then j' n =^ 7 as well. 

Remark 3.2. Generally the space will be the space of environments and P will be the measure 
Q on environments defined in (I14p . However, in one application (Lemma 14.21 below) we will use 
slightly different spaces and measures and so we need to state Lemma 13.11 in this more general 
form. 

Proof. The definition of the Prohorov metric p in (|2j) implies that, if n ({{x,y) ■ \x — y\ > 
8\) < S, then p{^ n -,l' n ) < 5. Therefore, the assumption (flT}) implies that /o(7n,7n) — >■ in 
probability. Now the statement of the lemma follows from Theorem 3.1 in [Bil99| . □ 

The following is an immediate corollary. 

Corollary 3.3. Under the setup of Lemma \3.1\ assume that 

(18) B dn \X-Y\-> 0, in P -probability 

(here X and Y are the coordinate variables in M? and E# n is expectation with respect to the 
measure 9 n ). If 7 n ==> 7 for some 7 G M.\, then j' n => 7 as well. 

Proof. The claim follows immediately from Lemma 13.11 and Markov's inequality via 

P (6 n (\X -Y\>5)>5)< P(E 6n \X -Y\> 5 2 ). 

□ 



WEAK QUENCHED LIMITS 



9 



Remark 3.4. By the Cauchy-Scwarz inequality, a sufficient condition for (]18j) is 

(19) E 0n (X -Y) -»• and Var fln (X - F) -»■ 0, in P-probability. 

4. A Series of Reductions 

In this section we repeatedly apply Lemma 13.11 and Corollary 13.31 to reduce the problem of 
finding weak quenched limits of the hitting times T n to the problem of finding weak quenched 
limits of a simpler sequence of random variables that is a random mixture of exponential 
distributions. 

First of all, instead of studying the quenched distributions of the hitting times, it will be 
more convenient to study the hitting times along the random sequence of the ladder locations 
v n . Since by (|15p . the distance between consecutive ladder locations has exponential tails, and 
v n /n — > v = Epv\ the quenched distribution of T n should be close to the quenched distribution 
of T u - n with a = l/i> (for ease of notation WG will Writ© ^otn 

instead of y\pm\)- Based on this, we 
will reduce our problem to proving a quenched weak limit theorem for T Vn = Y^=i(^i ~ 
Secondly, as mentioned in the introduction, the proof of the non-existence of quenched limiting 
distributions for hitting times in |Pet09] hinged on two observations. The first of these says 
that, for large n, the magnitude of T Un is mainly determined by the increments T Vi — T Ui _ 1 for 
those i = 1, . . . ,n for which there is a large "trap" between the ladder locations Vi—\ and V{. 
The second observation is that, when there is a large "trap" between Vi-\ and fi, the time 
to cross from Vi-\ to i>i is, approximately, an exponential random variable with a large mean. 
That is, T„. — T Vi _ x may be approximated by /%Tj where 

(20) ft = foul) = ET X T V% = E U (T„. - T Ui _,), 

and Ti is a mean 1 exponential random variable that is independent of everything else. 

When analyzing the hitting times of the ladder locations T Vn the measure Q is more conve- 
nient to use than the measure P since, under Q, the environment is stationary under shifts of 
the environment by the ladder locations. In particular, {/?i}j>i is a stationary sequence under 
Q. The main result of this section is the following proposition. 

Proposition 4.1. For oj G Q, suppose that P u is expanded so that there exists a sequence Ti 
which, under P u , is an i.i.d. sequence of mean 1 exponential random variables. Let a nu) E ftA\ 
be defined by 

(21) = P. X>(t, - 1) G , 

Q _ p - 

where fa = fa(u) is given by ([20]). If a n ^ =^ H(N\ iK ) then Ji n ^ H(N X / D)K ), where Ji n>u is 
defined in 0. 

Lemma 13.11 says that weak imits for one sequence of A^i-valued random variables can be 
transferred to another sequence of .Mi-valued random variables if these random probability 
measures can be coupled in a nice way. We pursue this idea and prove Proposition 14.11 by 
establishing the series of lemmas below. All of these results will be proved using Lemma 13.11 
and Corollary 13.31 

Q - P - 

Lemma 4.2. If [i n ^ =^f- H(N\ K ) then \i n ^, 

Lemma 4.3. For ui € Q, let <fi n>0 j £ Mi be defined by 
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If<i>nv=^H(N x>K ) then =^H(N x/PiK ). 

Lemma 4.4. If ==V H(N X>K ) then ^ ==V H(N XjK ). 

Proof of Lemma \4--S\ Recall that P and Q are identical on a(io x : x > 0). We start with 
a coupling of P and Q that that produces two environments that agree on the non-negative 
integers. Let oo be an environment with distribution P and let Co be an independent environment 
with distribution Q. Then, construct the environment to' by letting 

} tb x x < — 1 
I uj t x > 0. 



i 

LO,. 



Then to' has distribution Q and is identical to to on the non-negative integers. Let P be 
the joint distribution of (to, to') in the above coupling. Given a pair of environments (to, to'), 
we will construct coupled random walks {^n} and {X' n } with hitting times {T n } and {Z^}, 
respectively, so that the marginal distributions of {X n } and {^^} are an d ^L' respectively. 
Let Pu t u' denote the joint distribution of {X n } and {X' n } with expectations denoted by E U)U i, 
and consider random probability measures on M 2 defined by 



Pu, 



Euj t u;'T n T n E w ^iT n i 



We wish to construct the coupled random walks so that 

(22) lim n- l l K E^ w ,\(T n - E u ^T n ) - (T' n - E^,T' n )\ =0, P - a.s. 



n— >oo 



This will be more than enough to satisfy conditions (|18p of Corollary 13.31 an d the conclusion 
of Lemma 14.21 will follow. 

We now show how to construct coupled random walks {X n } and {^^}. Since the environ- 
ments to and to' agree on the non-negative integers, our coupling will cause the two walks to 
move in the same manner at all locations x > 0. Precisely, on their respective ith visits to 
site x > 0, they will both either move to the right or both move to the left. To do this, let 
£ = {ix,i}x&i,i>i be a collection of i.i.d. standard uniform random variables that is independent 
of everything else. Then, given (to, to') and £, construct the random walks as follows: 



X = 0, and X n+1 

and 




if X n = x, < n : X k = x} = i, and £ X)i < oo x 
if X n = x, #{£; < n : X k = x} = i, and > oj x 



X' = 0, and X' x - J K + 1 ' liX ' n = X ' * {k ~ " ■ X ' k = x ^ =i > and ^ < 



X' n — 1 if X' n = x, #{k < n : X' k = x} = i, and > to' x . 



Having constructed our coupling, we now turn to the proof of (|22[) . It is enough in fact to 
show that 

(23) sup E U}U >\T n - T' n \ < oo, and sup {E^Tn - E u ,u>T' n \ < oo, P-a.s. 

n n 

To show the second inequality in (|23l) . we use the explicit formula (fT2|) for the quenched expec- 
tations of hitting times, so that 

n n n 

E u T n = n + 2^Wi = n + 2 £)(Wb,i + U ,iW-i) = n + 2 ^ W ,i + 2W- 1 R , n - 

i=0 i=0 i=0 
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Similarly, (with the obvious notation for corresponding random variables corresponding to a/) 

n n 

E w ,T' n = n + 2 K,i + 2^!< n _! = n + 2 £ W 0>i + 2W'_ l R , n , 

i=0 i=0 

where the second equality is valid because co x = u' x for all x > 0. Thus, 

sup \E UfU ,T n - E^,T' n \ = sup2i? 0i „|W_ 1 - WL X \ = 2R \W^ -W'_ l \< oo, P-a.s. 

n n 

Turning to the first inequality in (|23p . let 

T T" 

L n := ^ l{X fc <0}, L n : = 1 {^fc<0}' 

fc=0 fc=0 

be the number of visits by by the walks {J n } and {X^}, correspondingly, to the negative 
integers, by the time they reach site x = n. The coupling of T n and T' n constructed above is 
such that \T n — T^\ = \L n — L' n \. Therefore, 

E u ,u'\T n — T n \ = E w ^i\L n — L n \ < E w L n + E u 'L n . 

Letting L = lkm^oo L n and L' = lim„_ s>00 L' n denote the total amount of time spent in the 
negative integers by the random walks {X n } and {X^}, respectively, we need only to show that 
E U L + E^iL 1 < oo, P-a.s. To this end, note that L = Y2i=i Ui where G is the number of times 
the random walk {X n } steps from to —1 and the Ui is the amount of time it takes to reach 
after the ith visit to —1. Note that G is a geometric random variable starting from with 
success parameter P w (T-\ = oo) > 0, and that the Uj are independent (and independent of G) 
with common distribution equal to that of the time it takes a random walk in environment u 
to reach when starting at —1. Thus, by first conditioning on G, we obtain that 

EujL = E u [G (E^Tq)] = (E^Tq) ^ r. 

Pw{T-i = oo) 

Similarly, 

/ / 1 \ Pui'{T-\ < oo) 
E " L - (^) ^(T-Uoo) - 
This completes the proof since E^Tq and E~}Tq are finite, P-a.s. by f j 1 2 [) . □ 

Proof of Lemma \4-3\ For lo 6 $7, let 4> n ^ £ M.\ be defined by 

Since n L l K j\a.n\ 1 ' K — > a _1 / K = v^' K as n — > oo, it follows (for example, by Lemma that 

M-) =^ H{N XtK ){.) implies that 4, w (-) =£> H{N X)K ){u l / K ■) 

Now, it follows from © that H(N x>K )(v l l K ■) L = H(N X/D ^){-). Therefore, the claim of the 
lemma will follow once we check that that 

(24) 4> n>u =^ B(N XiK ) implies that fi n>u H(N XjK ) 

To show (|24p we will verify condition (|19|) of the remark following Corollary 13.31 Since both 
(j) n ^ and \± n ^ are mean zero distributions on R, it is enough to show that 

(25) lim Q (n~ 2 ^ Var w (T n - T v&n ) > s) = 0, > 0. 
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To this end, note that if v &n < n < u k then Var aJ (T n - T vgm ) = YZ= VScn +\ Var w( r a - T x ^ x ) < 
Vai w (T v — T u - n ). A similar inequality holds if v\~ < n < Van- Using this, we obtain that for 
any e > 

Q (v & r w (T n - T VStn ) > 5n 2 ' K ) < Q(\n - Vsn \ > en) + Q (Var^T^, - T Vsn ) > 5n 2 ^) 

+ Q (Var w (T^ - T Wen] ) > 5n 2 ^) 
(26) = Q(\n - Uan\ > en) + 2Q (vax u (T Vm ) > 5n 2 ' K ) , 



where the last equality is due to the fact that, under the measure Q, the environment is 
stationary under shifts of the ladder locations. The first term in (I26|) vanishes since fan/ n 1> 
Q-a.s., by the law of large numbers. For the second term in (I26p . recall that n~ 2 / K Var w T Vn has 
a K-stable limiting distribution under Q [Pet 09, Theorem 1.3]. Thus, there exists a b > such 
that 

lim Q fVax w (T„. n ) > 5n 2 / K ) = 1 - L Kjb (fe- 2 / K ). 

Since the right hand side can be made arbitrarily small by taking e — > 0, we have finished the 
proof of (I25p and, thus, also of the lemma. □ 



Proof of Lemma \4-4\ The proof of the lemma consists of showing that we can couple the stan- 
dard exponential random variables of Proposition 14.11 with the random walk {X n } in such a 
way that condition (|19h of the remark following Corollary 13.31 holds . Since the relevant random 
probability measures have zero means, we only need to ensure that 

(27) Jim Q (n~ 2 ^ Var w ]T Vn - E u T Vn - ftfa - 1)J > <H = 0, V<5 > 0. 

We will perform the coupling in such a way that the sequence of pairs (T Vi — T Ui _ 1 ,Ti) is 
independent under the quenched law P w . Since E w T Vn = Y^i=x ft> * ms wm imply that 

(n \ n 

T Un - E^T Vn - ft (n - 1) = Var ^ " T ^-i " ft 7 "*) • 
1=1 / i=l 

As in [PZ09], for any i define 

(28) Mi = max{U Vi _ ld : z/j_i <j< !/«}. 



The utility of the sequence Mj is that it is roughly comparable to and y / Var w (T l/i — T Vi _ x ), 
but Mi is an i.i.d. sequence of random variables (sec [PZ09, equations (15) and (63)] for precise 
statements regarding these comparisons). In [PZ09, Lemma 5.5] it was shown that for any 
< e < 1, 



/ 1 n 
\ i=l 



lim () j — — > Var.,(7;, - :/;,, , )1, u s)/K} > Sj = 0, V<5 > 0. 
A similar argument (see also the proof of [PZ091 Lemma 3.1]) implies that 

}^L Q (Ja&. 2 V,<»"-*i > 6 ) = °. w > o. 

Then, since Vax u (T„. - T Vi _ x - (3^) < 2\ax u (T Ui - T Vi _ x ) + 2/3?, in order to guarantee fl27J) it 
is enough to perform a coupling in such a way that for some < e < 1, 

(29) Jim Q (-L Vax u (T Vi - T v ._, - PiTi)l {Mi>n ^-s), K} > s \ = 0, V5 > 0. 
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Recall that we separately couple each exponential random variable n with the corresponding 
crossing time T Ui — T Vi _ x . For simplicity of notation we will describe this coupling when i = 1, 
and we will denote v\, f3\ and t\ by u, f3 and r, respectively. 

First, note that T u can be constructed by doing repeated excursions from the origin. Let 
Tq = inf{n > : X n = 0} be the first return time to the origin, and let {F^'}j>i be an i.i.d. 
sequence of random variables all having the distribution of under P^{- \ T^ < T v ). Also, let 
let S be independent of the {F^} and have the same distribution as T v under P w (- 1 T u < T^~). 
Finally, let N be independent of S and the {F^} and have a geometric distribution starting 
from with success parameter p w = P^{T V < Tq). Then we can construct T v by letting 

N 

(30) T v = S + J2 fU) - 

3=1 

Note that 

(31) P = E W T V = E U S + I^(F W F«) 

Pu 

Given this construction of T u , the most natural way to couple T u with r is to provide a coupling 
between t and N. We set 

(32) N = [c w r\, where c w = - — — - -, 

so that N is exactly a geometric random variable with parameter p w . 
For this coupling, we obtain the following bound on Var aJ (T v — /3t). 

Lemma 4.5. Let T v and (3t be coupled using (I30p and (I32p . Then, 

(33) Var w (T„ - /3r) < (E^S) 2 + i^-Jl + Vax u (T v ) - (F W F«) 2 Var w (JV). 
Proof. First of all, note that 

Var w (T^ - /3r) = Var w + ^ F^ - /3r 

= Var w (S) + Var^ ^ F&'> - /3r 

(34) = Var w (5) + Var w (F( 1 )) (F^rJ) + Var w (Wj(F w F«) - /3r) . 

Since [c^tJ is independent of c w r — \c ul r\ , we can use the identity for j3 in ([31]) to write, with 
the help of a bit of algebra, 

Var w (l^tJ(F w fW)-^t) = (F W F« ) 2 Var w (Lc w tJ ) + f3 2 - 2(F £J F«)/3 Cov ( [c u t\ , r) 

'(F^ 1 )) 2 - 2(F OJ F«)/3/c w ) Var w (Lc w rJ) +/3 2 



(F W S) 2 + 2{E U S){E W F^)^-^- {p w + log(l - p w )) 

pi 

+ (F^ 1 )) 2 ^ f 2 - Pul + 2^ log(l - p u )) . 
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Using a Taylor series expansion of log(l — p) for \p\ < 1, one can show that for any p G [0, 1) 



OO 

P + Iog(l-P) = -Z) J - ' 



fc=2 

and 

l—pf n n l — P A ! /o 4j» fe ^ 1 



1 — \ 

p2 v 2-P + 2^io g (i- P) j =m-Y, (k+m+m+3) 

Therefore, 

Var w (Lc^tJC^W) - /3r) < (^5) 2 + i^^l! 
Recalling (|34p . we obtain that 



Var w (r, - /3r) < Var^S) + (^5) 2 + ^£^l! + Var^ 1 )) tE u |/vr|) 



Since ([30]) implies that 



Var w (r y ) = Var w (5) + Var w fe^J = Var w (5) + {E w F^f Vax w {N) + Var^F^ 



the bound ([33]) follows. □ 

The utility of the upper bound in Lemma 14.51 is that E^F^ and E^S are relatively small 
when M\ is large. 

Lemma 4.6. For < e < 1, 

(35) Q (E U S > n &£ >\ M 1 > n^^) = o^ 1 ), 
and 

(36) Q (e u F^ > n &£ /\ M 1 > n (1 - £)/K ) = o^ 1 ). 

The bound ([35]) on the tail decay of E^S was proved in [PZ09] Corollary 4.2]. The proof 
of (j36p is similar and involves straightforward but rather tedious computations using explicit 
formulas for quenched expectations and variances of hitting times conditioned on exiting an 
interval on a certain side. We defer the proof to Appendix [B] 

We now proceed to finish the proof of Lemma 14.41 by extending the coupling of T v with r to 
all crossing times and showing that the resulting coupling satisfies (|29j) . As was done for T v in 
(]30p we may decompose T Ui — T Ui _ 1 so that, with the obvious notation, 

T Vi -T Vi _ 1= S i + ^2Fp\ 
j=l 

Lemma 14.51 tells us that 

>n< 1 - £ )/ K } 



Var w (T„. - T Vi _ x - fan) 1 {M . 



i=l 



( (E F^) 2 \ 

< (E u Si) 2 + K u * 1 +V^{T n -T Vi _ x ) - (E^fVaxUNi) l {Mi >„a-«)/»}- 



i=l 
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An immediate consequence of Lemma 14.61 is that for any < e < 1 , on an event of probability 
converging to one, all the E u Si and E^F- 1 ^ with i < n are less than n 6e / K when Mi > n ( - 1 ~ e * )// '\ 
Thus, by choosing < \2e/k < 2/k — 1 we obtain that 



Wk Y, (E u Si) 2 + ^ " « ] l {Mi>n a-ey« } >5)=0, V5 > 0. 



> i=i 



lim Q 



Therefore, to prove (|29p it is enough to show 
(37) 



Jim Q f -L £ (Var w (r„. - T Vi _J - {E w F^f Var w iV<) l {Wi>n(1 -.)/. } > ^ =0, V<5 > 0. 

In [PZ09] . it was shown that, when M\ is large, /3| = {EJTy) 2 is comparable to Var^T^. In 
fact, as was shown in the proof of Corollary 5.6 in [PZ09J, 



lim Q n" 



-2/k 



i=l 



> <5 = 0, V<5 > 0. 



Therefore it only remains to show that 



n 



Jim Q j^- 2 / K £ (A 2 - (£^ (1) ) 2 VaUAg) l {JMi>n (i-.)/, } ><5j = 0, V5 > 0. 
Note that by jH]) 

/3 2 - (E^F^) 2 Var w (iV) = (£ W< S) 2 + 2(E U S)(E 0J F^)(E U N) - (E U] F^) 2 (E W N 2 ) 

< (E^S) 2 + 2(E W S)(E U T V ). 
On the event where E u Si < n 6e ^ K for all i < n with Mj > n^~ £ '^ K we have 

n n 

E (ft' " (^ (1) ) 2 Var ^)) ^ nl+12£A + 2n 6£ / K E^" lT - 

i=l i=l 

= n l+l 2e / K + 2n 6 £ / K ^ T ^_ 

Again, applying Lemma 14.61 with < 12e/k < 2/k — 1, we see that for any 5 > 0, 

/ n \ 

y >, - \ ^,:r l ' ' 

1=1 



lim sup Q n- 2 / K E (ft 2 " (^^iT Var w nA W >n (i-«)/« } > <5 

n^oo V <=1 y 

lim sup Q (n- 2 / K+fe / K ^T, n > , 



< 

and so the proof will be complete once we show that n~ 2 l K+£ E u) T Vn = ra ~ 2 / K + £ ^" =1 converges 
in probability to for e > small enough. 

If k < 1, then since n~ 1 l K E i0 T Un converges in distribution [PZ09J Theorem 1.1], choosing e < 
1/k works. If k > 1 then since EJT Vn = Y12=i ft anc ^ ^he ft are stationary and integrable under 
Q (see (fT6l) ). the ergodic theorem implies that n~ 1 E UJ T Vn converges and, hence, choosing e < 
2/k — 1 works. Finally, when k = 1 it follows from fllGf) that for any < p < 1, Eq(^2™ =1 (3i) p < 
a p n for some a p £ (0,oo), so choosing e < 1 works. □ 

We conclude this section by noting that with a few minor modifications of the proof of 
Proposition 14.11 we can obtain the following analog in the case of the averaged centering. 
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Proposition 4.7. For oj G f2, suppose that P u is expanded so that there exists a sequence n 
which, under P u , is an i.i.d. sequence of mean 1 exponential random variables. Let o~ n ,u G Mi 
be defined by 



(38) 



0~ r , 



>{■) 



'^(^fWELiAne-) «<l 
P u {lY,U{Pm -D'{n))e) k = 1 



w/iere £>'(n) = Eq^I^^}] ~ C log(n) and f3 = Eq[(3i] = EqIE^T^. Let c x>K (e) be as in 
Theorem \l.b\ and set c\^{e) = J e Ax -1 dx = CA,i(e) + Alog(p). // 



0",, 



Q, 



H(N 



lim e ^ + H £ (N x ,i) * 5_a A)1 ( £ ) 
lim £ ->o+ H £ (N X , K ) * 5- CAjK ( £ ) 



K < 1 
K = 1 

KG (1,2) 



then 



I',, 



I H(N x/DiK ) k < 1 

\lim £ _ + Q+ H £ (N x/PtK ) * 5_ CX k{£) k G [1, 2) ' 
where n nw is as in Theorem \l.b\ 

Remark 4.8. In the case k = 1, the relation between the sequences Z)(n) and D'{n) can be 
given by 

D(n) 



^''"Mln/Pj) = — £q [A^PLn/Pj}] 



n n 
5. Analysis of the crossing times 

By Propositions 14.11 and 14.71 our work is reduced to studying the distribution of a random 
mixture of exponential random variables, where the random coefficients are the average crossing 
times fii = EJ~ 1 T Ui in (|20p . The following proposition, which is the main result of this section, 
establishes a Poisson limit of point processes arising from the random coefficients /3j. 

Proposition 5.1. For n > 1 let N nuJ be a point process defined by 

n 

(39) ^," = E<W 



1=1 



Then, under the measure Q, N n>u) converges weakly in the space M p to a non-homogeneous 
Poisson point process with intensity Ax~ re ~ 1 ; where A = Cqk and Co is the constant in (|16p . 

That is, N nyLU => N\ >K . 

Proof. For a point process ( = Yli>i$xi e M-p and a function / : (0, oo] — > M + , define the 
Laplace functional £(/) = YLi>i f( x i)- Since the weak convergence in the space M p is equivalent 
to convergence of the Laplace functionals evaluated at all continuous functions with compact 
support of the type [8, oo] for some 8 > (see Proposition 3.19 in |Res08| ). the statement of 
the proposition will follow once we check that for any such / 



(40) 



lim Er 

n—>oo 



-N„, u (f) 



exp 



1 



-fix) 



)Ax 



-K-l 



dx 



Remark 5.2. An inspection of the argument of Propositions 3.16 and 3.19 in [Res08j reveals 
that the convergence in (|40p for all continuous functions with compact support as above will 
follow once it is checked for such functions that are, in addition, Lipschitz continuous on (0, oo). 
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Recall from (fT6j) that Q(fii > x) ~ C$x~ K . Thus, if the (j3{) were i.i.d., the conclusion of the 
proposition would follow immediately; see e.g. Proposition 3.21 in [ResO§]. Since the sequence 
is only stationary under Q, our strategy is to show that the dependence between the (/3j) 
is weak enough so that the point process N nyUJ converges weakly to the same limit as if the 
were i.i.d. 

Recalling the notation in ([9]) and (I10p and the formula for quenched expectations of hitting 
times in (I12p . we may write 

Vj — l 

/3 i = E£- 1 T Vi = v i -v i - 1 + 2 W J 

i>i—l 

= v i -v i _ 1 + 2 W n _ 1>j + 2W n _ 1 - 1 R Vi _ 1 , Ui - 1 . 

Thus, ^ = AiZi + Yi, where 

Ai = Wu^-x, Zi = 2R Ui _ ljUi _i, and Yi = Vi - Vi-i + 2 ^ W Ui _ uj . 

i="*-i 

Note that Yi and Zi only depend on the environment from to z/j — 1, and therefore 

{(Yi, Zi)}i>i is an i.i.d. sequence of random variables with the same distribution as (Yi,Z{) = 
(u + 2 Y^ V j=o ^oj) 2i?o,i/-i)- Also, note that the sequence {^4i}i>i is stationary under the mea- 
sure Q. From this decomposition of we can see that the reason (/%) is not an i.i.d. sequence 
is that the sequence (Ai) is not i.i.d. The random variables (Ai) all have the same distribution 
under Q as A\ = W—\. Furthermore, W-\ has exponential tails under Q. That is, there exist 
constants C, C > such that 

(41) Q(W^ >x)< C'e- Cx ; 

see Lemma 4.2.2 in |Pet08j. In addition, W—\ can be very well approximated by W—j—i for 
large j. That is, there exist constants C\, C*2, C3 > such that for every j = 1, 2, . . ., 

(42) Q(W„! - W-j-i > e- Clj ) < C 2 e~ C3j . 

To see this, defining the ladder locations to the left of the origin in the natural way (see 
[PZ09]), observe that for any c > 0, 

Q(W_i - W„_ h -i > e~ ck ) < e ck E Q [W^ - W„_ h> _i] 

= e^EQiU^^W^^} = e^EQlUo^EglWi]. 

Since £ , q[IIo i! /-i] < 1 by the definition of the ladder locations, choosing c small enough gives 
us an exponential bound Q(W-i — W u _ k -x > e~ ck ) < C'e~ Ck , k = 1, 2, . . . for some positive 
C, C . The bound (I42p now follows by writing, for a > 0, 

Q(W. 1 - W-3,-1 > e- CJ ) < Q(W^ - W-^.-i > e-v) + Q(u aj > j), 

and noticing that, by (I15p . for a > small enough, the latter probability is exponentially small 
as a function of j. 

Keeping the exponential bounds (|4ip and (|42p in mind, we modify the sequence of the 
crossing times in order to reduce the dependence. For n > 1 we set A± = W u ._ 1 _^^^ Ut _ 1 _ 1 
and /3,- n ^ = A\ Zi + Yi, i = 1,2, Notice that fi\ n ^ and /3 J - n ' ) are independent if \i — J| > \fn. 

in) 

Next, we give a comparison of p. with that will allow us to analyze the tail behaviour of 
the random variables (/3- ). 
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Lemma 5.3. There exist constants, C, C > such that 

Q (ft - rf n) > e- 1/4 ) < Cr e -°V» n = 1, 2, . . . . 

Proof. From the decompositions of ft and ft- we obtain that ft — ft- n ^ = (Aj — A^)Zj. Note 
that Zi = 2i?o,i/-i < 2i?o- By (|16p there exists a constant C such that Q{Z\ > x) < Cx~ K for 
all x > 0. Therefore, for any x > 

Q (ft - /?J n) > x) < Q ( A x - > e - c ^) +Q(z 1 > e Cl ^ l a 



< C 2 e- C ^ + Ce~ ClK ^x- K . 
Choosing x = e n completes the proof. □ 
Based on the truncated crossing times (ft^) we define a sequence of point processes by 



^3 = EV'/^' n = l,2,.... 
i>l 

Lemma 5.4. iV^2 iV\ K as u — > oo for A — Co, i/ie constant in (I16p . 

Proof. Let / : (0, oo] — )■ R+ be a continuous functon vanishing for all < x < 5 for some 5 > 0, 
and Lipshitz on the interval (5, oo). We will prove the following analogue of (|40j) : 

(43) lim £ Q \ e - N ^] = exp (- /"°°(1 - e^^AsT^ 1 dsl . 

ra->oo L J I Jo J 

According to Remark 15.21 this will give us the claim of the lemma. 
For < t < 1 we define a sequence of random random variables 

K n {r) = cardji = 1, . . . , n : both > 5n l,K and (3f ] > 5n l,K 

for some i + l<j<i + rn, j < n.}. 

We claim that 

(44) lim lim sup Q(K n (r) > 0) = 0. 

To see this, let < e < 1, and consider a sequence of events 

B n (e) = {for some i = l,...,n, p\ n) > 5n 1/K but max(y i , Z t ) < en 1/ft }. 

Since by (fTBj) there exists a constant C such that Q(max(Yi, Z\) > x) < Cx~ K for all x > 0, 
while by (|4ip the random variable A± has an exponentially fast decaying tail, we see that 

Q(B n (e)) < nQ(max(li,Zi) < en 1 /*, /3{ n) > 5n^ K ) 

< nQ(max(Yi,Zi) < en 1/K , (Ai + l)max(Y"i,Zi) > 5n 1/K ) 

= o(nQ(max(Fi, Z x ) > 5n 1/K )£ Q ((Ai + l) K l(^i + 1 > S/e) 

= O^Eq^A! + l) K l(^i + 1 > S/e)) 

as in, for example, Breiman's lemma ([Bre65 ). Therefore, 

(45) limlimsupQ(5 n (e)) = 0. 
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For t, e > 

Q(K n (r) > 0) < Q(B n (e)) + Q(foi some i = 1, . . . ,rt, some i + l<j<i + rn, 

m&x(Yi,Zi) > en 1/K and max(l},Zj) > en 1/K ) 
< Q(B n (e)) +rn 2 (Q(max(Y 1 ,Z 1 ) > en 1 ^) 2 
<Q{B n {e)) + C 2 e~ 2K T. 

We conclude that 

lim limsup Q{K n (r) > 0) < limsup Q{B n {ej), 



and so (JM]) follows from (|45j) . 

Fix, for a moment, e > and take r > such that for some no we have Q{K n {r) > 0) < e 
for all n > no; this is possible by (|44p , Consider the random sets 

D n = {i = l,...,n: > Sn 1 /*}. 
Since f(x) = if x < 5, we can write 



(46) 



E, 



Q 



^exp^-^/(/3fVn 1/K ) 



ieD n 



Er 



»M = 0) 



exp(-^/(/3j n) /n 1/K )}l(^n(T)>0) 

I ieD n J 



By the choice of r, 

(47) lim sup < lim sup Q(K n (r) > 0) < e. 

Moreover, given the event {K n (r) = 0}, the points in the random set D n are separated, for 
large n, by more than ^/n and, hence, given also the random set D n , the random variables 
f}\ , i G D n are independent, each one with the corresponding conditional distribution. That 
is, 

Z#> = Q(K n (r) = 0)E Q { [E Q (ex V {-f (f]{ n) /n 1 /*)}^ > Jn 1 ^)]^" K n (r) = 

The power law (|16p and Lemma 15.31 show the weak convergence to the Pareto distribution 

Q^/n 1 ^ > t\p[ n) > dn 1 /*) -)• (V<T K 
for t > 5, and so by the bounded convergence theorem, 

/OO 
e -/(«)«f-(«+D dt . 

Now the claim (|43p follows from (|46p . (|47j) and the following limiting statement: for the constant 
C in (USD, 



(48) 



exp{-C (l - a)<T K ) < lim lim inf E, 

t— >0 n->oo 



. cardD„ 



O' 



K n {r) = 



: lim lim sup Eq ( a 

n-s>oo 



card!),, 



^n(r) = 0) <exp{-C7 (l-a)<r K } 



20 



JONATHON PETERSON AND GENNADY SAMORODNITSKY 



for all < a < 1. In order to complete the proof of the lemma it, therefore, remains to prove 

(HID. 

We split the set {1,2 ... ,n} into a union of the following sets. Let 

h. n = {1, . . • , [n 3 / 4 ]}, J lM = {[n 3 / 4 ] + 1, . . . , [n 3 / 4 ] + [n 2 / 3 ], 
/ 2 .n = {[n 3 / 4 ] + [n 2 / 3 ] + l,...,2[n 3 / 4 ] + [n 2 / 3 ]}, 
J 2 .n = {2[n 3 / 4 ] + [n 2 / 3 ] + 1, . . . , 2[n 3 / 4 ] + 2[n 2 / 3 ]}, 
etc. (the last interval can be a bit shorter than the rest). Clearly, the cardinality m n of the 
union of all intervals Jk.n satisfies m n /n — > as n — > oo. We write D n = D n I] U D n J \ where 
D^p (resp. Dn^) contains all the points of D n that are in one of the intervals Ik. n (resp. Jk.n)- 
Observe that the intervals Ik. n are separated by more that y/n, so for i and j in two different 
of this type, (3^ and /?j n ' ) are independent. We have 



E Q [a c ^ dD -l{K n (r)=0)) < E Q [a 

^ Qa c ar d(D„n/,„)y"/(^ /4 ] + ^ 3 ])]_ 

Repeating the argument leading to (|44p (that shows that fi^ and (3^ can both exceed <5n 1 / K 
for < \i — j\ < n 3 / 4 only on an event of a vanishing probability) tells us that 

Q(Cavd(D n n h. n ) = 1) ~ n 3 / 4 Q(/?J n) > Sn 1 ^) ~ n 3 / 4 ^^^- 1 = CofT^ 1 / 4 , 

Q(Card( J D n n / Ln ) > l) = o^ 1 / 4 ), 

Therefore, 

E Q a°^ D ^ h ^ = 1 - (1 - a)C ^- K n- 1/4 + o^ 1 / 4 ), 

implying that 



, cardD 



(I) 



, cardD r , 



K n ( T ) = 0) < 



lim sup Eq I a 



and the upper limit part in (|48l) follows from 
Similarly, 



1 



Q(K n (r) = 0) 



£q (a cardD "l(^„(r) = 0)) > E Q (a ca * AD " ' l{K n (r) = 0,D^ = 0) 



e W {-C (l-a)5- K }, 



>E Q [a 



, cardD 



(/) 



Q{K n {r) >0)-Q(D^ > 0). 



The last term vanishes in the limit since m n /n — > 0. Therefore, 



liminf^Q (a c&rADn 



K n (r) = 0) > exp{-C (l - a)5~ K } - Q(K n (r) > 0), 



and the lower limit part in ()48|) follows from ()44p as well. □ 

Now we are ready to finish the proof of Proposition 15.11 which we accomplish by checking 
(|40p for nonnegative continuous functions / on (0, oo] with compact support that are Lipschitz 
continuous on (0, oo). For any such function /, 



E 



E 



E 



exp 



1/k\ 



i=l 



i=l 



ex P { ~ E (/(ft/^ 1/K ) - fWi n) /n 1/K ) 
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Now, let 







n := [lo € CI : ft - ft {n) < e" nl/4 , V* = 1, 2, . . . n} 



Lemma [5T3l implies that Q(O^) — > as n — > oo. Since / is Lipschitz with some constant c, on 
the event Q„ we have 



£ (/(ft/n 1/K ) - /(/3, (n) /n 1/K ) 



i=l 



1=1 



< cn 1 " 1 /^-" 174 , 



and so by Lemma 157 



lim E 

n— >oo 



lim 

n— >oo 



E 



□ 



proving (|30jl . 

In addition to the already established convergence of the point processes (N n ^), in the sequel 
we will also need the following tail bound on the sums of the average crossing times ft that are 
not extremely large. 



Lemma 5.5. Let k G [1, 2). Then for any 5 > 0, 

1 



lim lim sup Q 

£— >0+ n->oo 



1/k 



8=1 



> 5 



0. 



Proo/. Clearly, ftlm^!/*} = ft A en 1 /' 1 - en 1//K l| ft>en i/ K |. Therefore, 



Q 



l 



(49) 



(50) 



In 1 /" 



E (^{ftW/*} - -^[ft 1 ^ < en V"}] 



i=l 



1 



+ <2 U 



£(ft Aen^-^ft Aen 1/K [ 



i=i 



£ 1 {ft> e nV« } " nQ(Pi > en 1/fi ) 



i=l 



> 5 



> 5/2 



> 5/2 



We will first handle the term in (|5T)]). For e > 0, let G e : M p -> Z + be defined by G e (C) = 
X)i>i l{xi>e} when £ = £)i>i 5^. Then, since G e is continuous on the set M.p = {C({ £ } = 0}) 
we conclude by Proposition 15.11 and the continuous mapping theorem that Yl7=i ^-{/3 i >sn 1 / K -} = 
G £ {N n ^) ==> G E (Nx !K ). Further, it follows from CED that nQ(ft > en l / K ) -> C £ -K = 
E[G £ (A r A, K )] as n — )• oo. Now, since G £ (N\ K ) has Poisson distribution with mean Ae~ k /k, we 
see that 



lim lim sup Q e 

£ — ^0 71— >00 \ 



i=l 



> 5/2 



e-s>0 



< lim P |G e (JV A> «) - E[G E (N X>K )}\ > — 



2s 



4e 2 4e 2_K A 
< lim Var(G< £ (iV A )) = lim — — = 0. 

e->0 d z O^K 
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Next, we estimate the probability in (|49[) . By Chebychev's inequality and the fact that the 
/3j are stationary under Q, this probability is bounded above by 

i / n \ 



5 2 n 2 / 



-Var Q ^AA^ 



vi=l 



(51) 



6 2 n 2/, 



-nVar Q (^i A en 1 /*) + -^-^ ^(n - fc) Cov Q (/3i A en 1 /",^ A en 



k=l 



Now, the tail decay (I16p of /?i and Karamata's theorem (see p. 17 in [Res08] ) imply that 



limsupn^^- 1 ) Vax Q (Pi A en 1 /*) < lim n^ 2 /*" 1 ^^ A e 2 n 2 / K ] = C 



4-/C 



.2-K 



2 - K 

Since ft < 2 this vanishes as e — > and so to finish the proof of the lemma it is enough to show 
that 

1 . n 

(52) 



1 n 

lim lim sup y^(n - k) Cov Q (/3i A en 1/K ,f3 k+1 A en 1/K ) = 0. 
£^0 n ^oo n 2 ' K f— ' 
fc=i 



To bound the covariance terms, we use (1121) to write 
"k+i— 1 

/3 fc+1 = (1 + 2T^) 

= ^fc+i — ^fc + iffc+i-i 

=: Afc+i + 2W Ul -iH UljUk -iRv kjUk+1 -i. 
Note that is independent of so that for some constant C" 
Cov Q (/3 1 A en 1 /-, A en 1 /-) = Cov Q (/3 1 A en 1 /", /3 fc+1 A en 1 /* - /3 fc+1 A en 1 /*) 



(53) 



< yVar Q (/3 1 A en 1 /-)^Var Q (/3 fc+1 A en 1 /- - /3 fc+1 A en 1 /-) 



for n large enough. An examination of the formula for Pk+i shows that R UkiUk+1 -\ < fik+i- 
Therefore, 



E Q [(p k+1 - /3 fc+1 ) 2 l 



(54) 



= 4£ Q [w 2 1 ]£ Q [n 2 ^ 1 ] fc -% 



4£c 



^-i n wi,i-fc-l- R i'fc,i'fc + i-l 1 { ; 9 fc+1 < 6 n 1 /«} 



Vk^k+\-^ {Rv k ,v h +1 -l<en 1/K } 



Rn 



l 0,i/-l- L {_R ,^-i<e™ 1/K } 

where in the last step we used the invariance of the distribution Q under shifts by the ladder 
locations i/j. Further, ^[Wi 2 .]] < oo by (|4T1) . and ^[IIo^-i] < 1 by the definition of the 



ladder locations. Also, since Rq^-i < /Si, Eq 



R, 



0,iy-l L {R ^- 1 <en 1 / K } 



< C'e 2 -n 2 / K 1 for large 



n. Combining this with (|53p and (|54p we see that for some < p < 1, 

Cov Q (/3i A en 1 /", /? fc+1 A en 1 /") < (C) 2 e 2 - K n 2 / K - 1 p k , 

and this bound on the covariance is sufficient to prove (|52p . This finishes the proof of the 
lemma. □ 
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We conclude this section by giving a corollary of Lemma 15.51 that is of independent interest. 
In |PZ09j it was shown that, if < k < 1, then n~ x / K E w T Vn = n -1 /« £^ =1 # 

converges m 

distribution to a /-c-stable random variable. The following corollary shows that E^T Un has a 
stable limit law when k € [1,2) as well. 

Corollary 5.6. If n = 1, then there exists a b > and a sequence D"(n) = E[f3\\^ 1<n ^\ ~ 
Co log n such that 

lim Q ( KTun - nD " (n) <x)=L 1 b (x), Vz€R. 

n— >oo \ n J 

If K E (1,2), then 

lim Q ( E ^~ nE Qi E M < x \ LKb(x) y x £ M . 

n— >oo \ Tl ' K J 

In both cases b K = X/k. 

Proof. This is a direct application of Proposition 15.11 and Lemma [5.51 to Theorem 3.1 in [DH95J. 

□ 

6. Weak quenched limits of hitting times - quenched centering 
Having done the necessary preperatory work in Sections 0] and [5] we are now ready to prove 

Theorem 11.31 Recall, that by Proposition 14.11 it is enough to show that a riyU] ==^ H(N\ tK ) for 
some A > 0, where = H{N n ^) is given in ([2"Tj) . while H and N njU1 are defined by ([3|) and 

(f39l) . respectively. Since N n ^ N\ tK by Proposition l5.lt if the mapping H : M. p — > A4\ were 
continuous the statement of Theorem 11.31 would follow by the continuous mapping theorem. 
Unfortunately, H is not a continuous mapping. To overcome this, we employ a truncation 
technique. 

For e > define the a mapping H £ : M. p — > M.\ by modifying the definition (l2~Tj) as follows: 

(55) ff e (C)(-) = P I 5>(7i - in {xi>£} e • ] , whenC = E^- 

\i>l J i>\ 

It turns out that this mapping is continuous on the relevant subset of M p . 

Lemma 6.1. H £ is continuous on the set Aip := {Q £ M. p : C,{{e}) = 0}. 

Proof. Let ( n — > £ G M p £ \ Then, by |Res081 Proposition 3.13] there exists an integer M and a 
labelling of the points of £ and £ n (for n sufficiently large) such that 

M M 
C(- n (e,oo)) = ^2S Xi , and CnO D (s,oo)) = XXw, 

i=l i=l 

with (x^, ^2 , . . . ) — > (xi, ^2, . . . xm) as n — > oo. Consequently, 

Jim = limP (|>i n) ^ - 1) e •) = P (f>fa - !) € j = ^(0(0 

in the space .Mi. □ 

Proof of Theorem \1.3[ Since P(N\ jK ^ -Mp^) = 0, Proposition 15.11 Lemma loTTl and the contin- 
uous mapping theorem I>il99, Theorem 2.7] imply that for every e > 0, 

(56) # £ (iV,) H £ (N\ iK ), as n ^ oo. 
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Next, we claim that 

(57) lim H E (N X ^) = H(N X>K ), P-a.s. 

E->0+ 

and 

(58) lim lim sup Q (p(S £ (N njW ), H(N n>u; )) >S)=0, > 0. 
By |Bil99l Theorem 3.2] this will show that 

a n ^ = H(N n>u ) =% H(N X , K ), 
which, by Proposition 14.11 is enough for the the conclusion of Theorem 11.31 Thus, it only 



remains to prove (|57p and (|58[) . Since the claim (|57p follows from the continuity of the map H2 
in the proof of Lemma 11.21 in Appendix [A] we prove (|58p . 

Recall that for any two random variables X and Y defined on the same probability space, 
with respective laws Cx and £y, p(Cx,£-y) < (^\X — Y] 2 ) 1 ^ 3 . Therefore, 



\ i=l 




p(H e (N n>0J ),H(N n>0J )) < 
and so by the Markov inequality, (|16|) and Karamata's theorem, 

limsupQ {p(He(Nn,u),H(N n ,u)) >S)< limsupQ \^tzY j ^ 1 W^/ 



n l-2/n 

< lim sup — -3— E Q [pfl { ^ En i /K} ] 



6 3 

2C e 2 



n— »oo 

,2-ft 



(2 - k)<5 3 

Since k < 2 the right hand side tends to as e — > 0. This completes the proof of ()58[) and thus 
also the proof of the Theorem 11.31 □ 

7. Weak quenched limiting distributions - averaged centering 

In this section we prove weak convergence with the averaged centering stated in Theorem [L6j 
The argument is similar in most respects to the proof of Theorem 11.31 in the previous section, 
so we will concentrate now on those parts of the argument that are different. Recall that by 
Proposition 14.71 we only need to establish a weak quenched limit for 

'H{N n ^) KG (0,1) 

(59) a n ,u, = I H(N n ^) * <5-D'(„) « = 1 

>H(N nju ) * 5_p nX - 1/K kg (1,2), 

where H : Ai p — > M\ is given by ([7]). We will use Proposition 15.11 and, once again, we have 
to use a truncated version of the mapping H. We will use the mapping H e defined in ([8]). 
The following lemma, whose proof is identical to that of Lemma 16.11 shows that H e is also 
continuous on the relevant subset of Ai p . 

Lemma 7.1. H £ is continuous on M.y = {Q G M. v : C({ £ }) = 0}- 
An immediate consequence of Lemma 17. II and Proposition 15. II is 

(60) H E {N n>w ) H £ (N X)K ). 

We divide the remainder of the proof of Theorem 11.61 into two cases: k G (0, 1) and k G [1,2). 
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7.1. Case I: k G (0,1). The case k G (0,1) is almost identical to the proof of Theorem 11.31 
Due to (|60|) . it is enough to show that 



(61) lim H e (N X}K ) = H(N\ K ), P-a.s. 

£-►0+ 

and 

(62) lim lim sup Q (p(H e (N n)U ), H(N n>u )) > 6) = 0, V<5 > 0. 

The proof of (|6ip is similar to that of ()57|) . The main difference between the proof of ()62p and 
that of (|58[) is that now we are using the fact that for any two random variables X and Y defined 

1 /2 

on the same probability space, with respective laws Cx and Cy, p(Cx,Cy) < [E\X — Y\) , 
after which one uses once again ()16p and Karamata's theorem. 

7.2. Case II: k G [1, 2). The difference in this case is that centering is needed. Let 

Eq [/3ll{/3 lG ( e „,p n ]}] if K = 1 



Cn(e) 



n 



1-1/K E 



Q 



/^{ftW/*}] if «G (1,2). 

Recalling the definitions from the statement of Proposition 14. 7\ we see that the tail decay of f3\ 
implies that 

lim c n (e) = \ ^ . , ^ K 1 , where A = kC . 
n->°o [c\, K (e) if kg (1,2) 

Combining this with (I60p we obtain that 

(63) He{Nnu) t 5 ^f H <(N*)* S ^) = * 

1 ' 1 " () \i/ £ (iV AjK )*5_ CAiK(£) if kg (1,2). 

We use, once again, [Bil99, Theorem 3.2]. By {S3}, in the case k G (1,2), weak convergence 
of the measures a n w in (1591) will follow once we show that 



(64) H £ (Nx, K ) * <5- CAjK (e) converges P-a.s. ase-> + , 

and 



n— >oo 



(65) lim lim sup Q [p (H(N n , u ) * 8_ ?nl -y K ,H E {N n ^) * £_ Cn(e) ) >5)=0, V5 > 0. 



The argument in the case k = 1 is exactly the same if one replaces every instance of fin 1 1 ' K 
and c\ >K (e) with D'(n) and CA,i(e), respectively. Thus we will only give the proof in the case 

« e (1,2). 

To prove ([64]), let 6 > 6 > • • • be the points of iV AjK . By Theorem 3.12.2 in |ST94j . the 
shifted truncated sums 

i>l 

converge a.s. as e — )• + . The convergence above is true for almost every realization of the joint 
sequence (£i,Tj)j>i, but by Fubini's theorem the same remains true for a.e. realization of the 
Poisson process N\ )K . Since a.s. convergence implies weak convergence, we obtain (l64l) . 
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Turning now to the proof of (j65H . we use the same upper bound on the Prohorov's distance 
as in the proof of Theorem 11.31 Since 

1 {/3i/" 1/K <e}J' We k &Ve 



: >\ 1/3 

" ( [ '^2{P i ~*-{Pz/n 1 / K <e} ~ ^[A^ft/nVKe}]} 



( 1 n \ 



Therefore, 



limsupQ \ p[H{N n ^) * 8 s n i-i/ K , H E (N njU ) * <5_ Cn(e ) ) > 5 



2 / n \ 2 ^3 

(66) < limsupQ [ f ^{ftl {ft/n i/K £} - ^O^il{^/„i/«< e }]}J > - 



2 n 5 3 \ 
(67) + lim sup g -— ^ /3 2 l {ft/nl/K < £} > _ . 

Lemma 15.51 implies that (|66|) vanishes as e — > 0, and (as in the proof of Theorem 1 1,3|) Markov's 
inequality, (|16p and Karamata's theorem imply that (I67p vanishes as e — > as well. This 
completes the proof of a limiting distribution for a njU , and the proof of Theorem 11.61 follows by 
an application of Proposition 14.71 



8. Converting from time to space 

In this section we show that the weak quenched limit theorem for the hitting times T n in 
Theorem 11.61 implies the weak quenched limit theorem for the random walk X n in Corollary 
Ol 

For any t > 0, let 

XI = max{Xfc : k < t} = max{n £ Z : T n < t} 

be the farthest the random walk has traversed to the right by time t. The usefulness of XI 
stems from the identity of the events 

(68) {X* t <x} = {T x > t} and {X* t > x} = {T x < t}. 

The following lemma implies that X n typically is very close to X*. 

Lemma 8.1. Let Assumptions^ andlEhold. Then, limsup n ^. oc X \ Q g Xn < oo, F-a.s. 

Proof. The event {X* — X n > M} implies that for some x = 0, 1, ... n — 1 the random walk 
after first hitting x then backtracks to x — M. Thus, 

n— 1 

F(X* - X n > M) < J2F*(T X _ M < oo) = nP(T_ A/ < oo), 

x=0 

where the last equality follows from the translation invariance of the measure P on environ- 
ments. It was shown in [GS02, Lemma 3.3] that Assumptions [1] and [2] imply that there exist 
constants C, C > such that P(T_ A/ < oo) < Ce" c ' M . Taking M = Klogn for K > 2/C we 
obtain that 

*-X n >S(logn) 2 )<Cn^ c ' K - 1 \ 
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which is summable over n. The claim of the lemma now follows from the Borel-Cantelli Lemma. 

□ 



We will also need the following Corollary of Theorem 11.61 

Corollary 8.2. Let k E (0,2), and let fj,\ K be the limiting random probability measure given 
by the conclusion of Theorem \1.6\ (that is fj, n)UJ => Hx,k)- Then, /u n>w (x,oo) => fi\ )K (x, oo) for 
any 

Proof. First of all, note that the random probability measures ua, k are continuous distributions 
with probability 1. That is, P(ua, «({£}) > 0) = 0. To see this, note that on an event of 
probability 1, we can write ua.k = £i(-/£i) * ft-\ jK , where £i is the largest point of the Poisson 
process, E\ is the standard exponential distribution, and fl\ iK is another random probabil- 
ity distribution. The continuity of the exponential distribution then implies that K is also 
continuous. 

For any the mapping tt \— )■ tt(x, oo) from A4i to R is continuous on the set C x = {it E 

M.\ : ir({x}) = 0}. Since we showed above that P(hx,k S C x ) = 1, the continuous mapping 
theorem implies that /u n>w (x,oo) =^ ua.k^oo) as n — > oo. □ 

We are now ready to give the proof of Corollary 11.81 

Proof of Corollary li.ffl We will first prove Theorem 11.81 with X* in place of X n and then use 
Lemma ISTTl to transfer the results to X n . Since the centering and scaling used depends on k we 
divide the proof into three cases: k E (0, 1), k = 1, and k E (1,2). 

8.1. Case I: Kg (0, 1). If k E (0, 1), then (EEJ) implies that for x E R fixed 

P^ (X* < xn R ) = P^ {T lxnK] > n) 



P, ! > 



\xn K ~\ 1 I K \xn K ~\ l l K 
n 



, oo 



\xn K ~\ 1 / K 

Corollary 18.21 implies that the last term above converges in distribution to oo = 

H(N\ tK )(x~ 1 ^ K , oo) (note that here we are using the monotonicity of distribution functions, the 
fact that ua, k is a continuous distribution with probability 1, and the fact that ra/[:m K ] 1 / K — > 
x~ l l K as n — > oo). Thus, we have shown that 

(69) P u (X* < xn K ) =► H{N^)(x-^ K ,oo). 
Next, note that X n < X* implies that 

(70) P U {X* < xn K ) < P^Xn < xn K ) < P^X* < xn K + (logn) 2 ) + P U {X* - X n > (logn) 2 ). 

Lemma |8. II implies that P UJ (X* — X n > (logn) 2 ) converges to in L , and thus also in distri- 
bution. Therefore, (j69|) and (|70p complete the proof of Theorem 11.81 when k E (0, 1) (here we 
again are using the monotonicity of distribution functions and the fact that fi\^ K = H{N\ K ) is 
continuous with probability 1). 

8.2. Case II: k = 1. Recall from Remark 14.81 that the sequence D(n) is given by 

Note first of all that this implies D{n) ~ A logn, where A = Cq/v. Moreover, this explicit 
representation also gives that D(y(n)) — D(x(n)) — > as n — > oo for any sequences x(n),y(n) —> 
oo with x{n) ~ y(n). 
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We postpone for now the definition of the averaged centering term S(n) for the random walk 
X n . Whatever 6(n) is, for fixed x we let j(n) = \5(n) + xn/(log n) 2 ] . Then, (|68j) implies that 



/ n - 7(re)£> ( 7 (ra)) 
( 71 ) = M 7 (n),w IS. ,00 



P " -Jn Hi < x = P " ( X n < 5 i n ) + xn/(logn) 

ra/(logn) z / 

= Puj (T 7 ( n ) > n) 

p ,' r 7W -7(")-P(7(")) n - 7(n)L> (7(n)) 
7 (n) ' 7 (n) 

n)£>( 
7 (n) 

Now, we can choose 5{n) so that 

(72) 6(n)D(6(n)) = n + o(l), as n -> 00. 

Then, recalling the definition of 7 (n) and the fact that -D(n) ~ Alogn as n — > 00, this implies 
that 

7 (W) ~ <5(n) ~ — , as n — > 00, 

^logn 

and 

(Note that in this last limit we used the fact that D(pf(n)) — D(5(n)) — > since <5(n), 7 (n) — > 00 
and 5(n) ~ 7 (n) as n — > 00). 

Recalling (|7ip and having chosen 5(n) according to (|72p . Corollary 18.21 implies that 

P " ( X i7 6{T i l™ fe(^A,l) * 5- CA l(e) ) (-^ 2 x,oo), Vx G R. 

\n/(logn) z / e^o+ V ' v 

Replacing X* with X n in the above statement is again accomplished by using Lemma [8 .11 The 
proof is essentially the same as in the case k G (0, 1) and is therefore ommitted. 



8.3. Case III: k 6 (1,2). Let x G R be fixed, and define = [™v P + xn 1 / K ]. Then j68 
implies that 



Pu> (T^n) > n) 

p , T -<P(n) ~ *P(n)/vp n- ^(n)/v P 
n — ip(n)/vp 



Mj/)(n),i 



, 00 



Note that 



n - ip(n)/\ P _ n - \nv P + xnV*Q/yp _ 

T7 \T7 — Jim = r-y — —, — XV p , 

n->oo ■i/;(n) i / K n->oo | nvp + xn 1 ' K I i ' K 

and thus Corollary 18.21 implies that 

P - ( X " n T/r P < x ) J™, (^(^V) * <U A , K (s)) (-xvp 1 - 17 "^), Vx G R. 
We again omit the proof that X* can be replace by X n in the above statement. □ 
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Appendix A. Proof of Lemma [TT21 

The easiest way to see the measurability of H is to represent it as a composition of two 
maps, and to show that each one of these maps is measurable. We write H = H2 Hi, where 
Hi : M p ->■ I 2 is defined by 



tfi(C)O) 



(x (1) ,x (2 ),...) if Y,i>l X l < °o 
otherwise, 



where xn\ > xr^) > ... is the nonincreasing rearrangement of the points of £ = Y2i>i ^3 an d 
is the zero element in I 2 , while H2 : I 2 — > Aii is defined by 

# 2 (x)(.)=P ^^(r,-l)G 
\i>l 

for x = (a;i, X2, ■ ■ •) G I 2 , where r, are i.i.d. Exp(l) random variables under the measure P. 
Since the Borel cr-field on I 2 coincides with its cylindrical cr-field, measurability of the map Hi 
will follow once we check both that for each k = 1,2,... the map Si & : Ai p — > R defined for 
C = Yji>i $xi by if 1^(0 = ar(fc) is measurable, and also that the set 



i>l i>l 



is a measurable subset of A4 P . The first statement follows since each i/i & is, clearly, a continuous 
map. The second statement follows by writing F = L)^ =1 F m , where for each m, 



F m = {c = X s ** '■ Yl x %) - m } 



i>i i>i 

is, by the continuity of the maps Hi ^ and Fatou's lemma, a closed set. 

In order to prove measurability of the map H%, it is enough to prove its continuity. Let 
x (n) _ ( x < i'\ x% , • • •)> ^ = 1,2, ... be a sequence in I 2 converging to y = (yi,g/2>---) G I 2 . 

Instead of proving that Yli>i x ! n ^( T « ~~ 1) converges weakly to J2i>i Ui( T i ~ 1) ^ °f course, 
sufficient to prove convergence in probability. This latter convergence follows immediately 
because 2 

E \E x i n \n - 1) - 5>(7i - 1) ) = ||xW - y|||. 
\*>i *>i / 

Appendix B. Proof of Lemma [4751 

The tail decay of E^S was analyzed in [Pet09j . but for completeness we will briefly out- 
line the argument here. By using /i-transforms one can compute a formula for the transition 
probabilities of the random walk conditioned on exiting the interval (0, v) to the right. Given 
these conditional transition probabilities one can apply the formula (|12j) for the quenched 
expectation of the amount of time to move one step to the right. Before giving this for- 
mula we need to introduce some notation. Recall that Mi = max{IIoj : < j < v\. Let 
iq = max{i G [1, u] : IIo,j-i = Mi}, and denote 

M~ = min{IIj i j : < i < j < io} A 1, and M + = maxjlljj : i < i < j < u} V 1. 

Then, following the proof of Corollary 4.2 in |Pet09] . one can show that for any < i < u, 

[-_ 1 _ _ -1 2v 3 M + 3v 3 M + 

^ E ^ T ^ <To ^ 1 + jM^^jM^- 
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This immediately implies that E U S < j^p^jT- The proof of the tail decay ([35]) of E U S is then 
accomplished by recalling (|15p and the following Lemma from [Pet09| . 

Lemma B.l (Lemma 4.1 in [Pet09|). For any < e < 1 and e', 5 > 0, 

Q(M+ > n s , Mt > n i - 1 - £ ^ K ) = o{ n - 1+£ - &K+£ '), 

and 

Q(M~ < n- s , Mi > n^- £ ^ K ) = o{n- l+£ - &K+£ ' ). 

Applying this lemma and recalling from (|15j) that v has exponential tails, we obtain that for 
any < e < 1 and ef, 5 > 0, 

Q (^5 > n 5S , Mi > n( 1 - £ )/ K ) < Q{u A > n s ) + Q(M + > n s , Mi > n^^) 

+ Q(M~ < n-\ Mi > n( 1 " £ )/ /t ) 

= o{n- l+£ - 5K+£ '). 

Choosing 55 = Ge/k completes the proof of ([35]) , 

The proof of (j36p is similar. We note first of all that 

E U F^ = l + EZ 1 [T ] P w (Xx = -1 1 T+ < T v ) + ^ [T | T < T v ] P u {X x = l\ T+ < T v ) 

<l + EZ x [T ] + El [T | T < T v ] 

= 2 + 2T^_i + El [T | T < T v ] . 

It was shown in [PZQ9J Lemma 2.2] that W-\ has exponential tails under the measure Q, so 
we only need to anlayze the tails of the El [Tq \ To < T v ] . To this end, the proof of (j73H can be 
modified by instead conditioning on exiting the interval (0, v) to the left in order to obtain that 

3u 3 (M + ) 3 

El [T<_i | T < T u ] < jp-*-, ^ any < i < v. 

Then, as was done above for E U S, we can use (j!5p and Lemma IB. II to obtain that for any 
< e < 1 and e' , 5 > 0, 

Q (El [Tq I T < T v ] > n 55 , Mi > nW*) = o(n~ 1+£ - 5K+E ' ') . 



Choosing again 55 = 6s /k proves ([36]) . 
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